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Abstract 

We study the displacement map associated to small one-parameter poly- 
nomial unfoldings of polynomial Hamiltonian vector fields on the plane. Its 
leading term, the generating function M(t), has an analytic continuation in the 
complex plane and the real zeroes of M(t) correspond to the limit cycles bifur- 
cating from the periodic orbits of the Hamiltonian flow. We give a geometric 
description of the monodromy group of M(t) and use it to formulate sufficient 
conditions for M{t) to satisfy a differential equation of Fuchs or Picard- Fuchs 
type. As examples, we consider in more detail the Hamiltonian vector fields 
z = iz — i(z + z) 3 and z = iz + z 2 , possessing a rotational symmetry of order 
two and three, respectively. In both cases M(t) satisfies a Fuchs-type equation 
but in the first example M(t) is always an Abelian integral (that is to say, the 
corresponding equation is of Picard- Fuchs type) while in the second one this is 
not necessarily true. We derive an explicit formula of M(t) and estimate the 
number of its real zeroes. 

1 Introduction 

Consider a perturbed planar Hamiltonian vector field 

x = H y (x,y) +eP(x,y,e), 
y = -H x (x, y) + eQ(x, y, e). 



We suppose that H, P, Q are real polynomials in x, y and moreover, P, Q depend 
analytically on a small real parameter e. Assume that for a certain open interval 
Eel, the level sets of the Hamiltonian {H = t}, t G E, contain a continuous in t 
family of ovals A. (An oval is a smooth simple closed curve which is free of critical 
points of H). Such a family is called a period annulus of the unperturbed system 
(lo). Typically, the endpoints of E are critical levels of the Hamiltonian function that 
correspond to centers, saddle-loops or infinity. The limit cycles (that is, the isolated 
periodic trajectories) of (l e ) which tend to ovals from A as e — > correspond to the 
zeros of the displacement map V £ (t) — t, where the first return map V £ (t) is defined 
on Fig. More explicitly, take a segment o which is transversal to the family of 
ovals A and parameterize it by using the Hamiltonian value t. For small s, a remains 
transversal to the flow of (l e ), too. Take a point S G a and let t = H(S). The 
trajectory of (l e ) through S, after making one round, will intersect a again at some 
point Si and the first return map V £ {t) is then defined by t — > H(Si). 

Fixing a period annulus A of (lo) and taking a nonintegrable deformation (l e ), 
then the related displacement map is defined in the corresponding open interval E C R 
and there is a natural number k so that 

V £ (t)-t = M(t)e k + ... } t G E. (2,) 

The limit cycles of (l e ) which tend to periodic orbits from A as e — > correspond 
therefore to the zeros of the generating function M(t) in E. 

The goal of the paper is to study the analytic continuation of the generating func- 
tion M(t) in a complex domain. We give a geometric description of the monodromy 
group of M(t) (Theorem ^) from which we deduce sufficient conditions for M(t) to 
satisfy a differential equation of Fuchs or Picard-Fuchs type (Theorem |2J). 

Recall that a Fuchsian equation is said to be of Picard-Fuchs type, provided that 
it possesses a fundamental set of solutions which are Abelian integrals (depending on 
a parameter). In the present paper by an Abelian integral we mean a function of the 
form 

I(t) = f u (3) 
Js(t) 

where 

• ijj is a rational one- form in C 2 ; 

• there exists a bivariate polynomial / : C 2 — > C such that 5(t) C / _1 (t), where 
{S(t)} is a family of closed loops, depending continuously on the complex pa- 
rameter t. 

It is supposed that t belongs to some simply connected open subset of C and 5(t) 
avoids the possible singularities of the one-form uj restricted to the level sets / -1 (t). 
Under these conditions I(t) satisfies a linear differential equation of Fuchs, and hence 
of Picard-Fuchs type. 

It is well known that for a generic perturbation in (l e ) one has k = 1 in (2&) and 
moreover, 

M(t)= Q(x,y,0)dx- P(x,y,0)dy, t G E 
Js{t) 
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is then an Abelian integral [THj. Here S(t) C M 2 , A = {5(t)}, t E E, is the continuous 
family of ovals defined by the polynomial H(x, y) and the monodromy of M(t) is 
deduced from the monodromy of S(t) in a complex domain. More precisely, let A be 
the finite set of atypical values of H : C 2 — ► C. The homology bundle associated to 
the polynomial fibration 

C 2 \H-\A) ^C\A 

has a canonical connection. The monodromy group of the Abelian integral M(t) is 
then the monodromy group of the connection (or a subgroup of it). It is clear that 
M(t) depends on the homology class of 5(t) in Hi(T t ,Z) where T t is the algebraic 
curve {(x,y) G C 2 : H(x,y) = t}. 

On the other hand, there are perturbations (l e ) with k > 1 in (2^). This happens 
when the perturbation is so chosen that the first several coefficients in the expansion 
of the displacement map, among them the function M(t) given by the above explicit 
integral, are identically zero in S. One needs to consider such perturbations in or- 
der to set a proper bound on the number of bifurcating limit cycles e.g. when the 
Hamiltonian possesses symmetry or the degree of the perturbation is greater than the 
degree of the original system. Therefore, the case when k > 1 is the more interesting 
one, at least what concerns the infinitesimal Hilbert's 16th problem which is to find 
the maximal number of limit cycles in (l e ), in terms of the degrees of H,P,Q only. 
In this case the generating function M(t) can have more zeroes in S, and respectively 
the perturbations with k > 1 can produce in general more limit cycles than the ones 
with k = 1 (see e.g. [H], [O], [S] for examples). Moreover, this case is more diffi- 
cult because the generating function is not necessarily an Abelian integral and even 
the calculation of M(t) itself is a challenging problem. It turns out that in general 
(when k > 1), the generating function M(t) depends on the free homotopy class of 
the closed loop 8(t) C T t (Proposition (TJ). The homology group H 1 (T t ,Z) must be 
replaced in this case by another Abelian group Hf(T t ,Z) which we define in section 
12.21 Although there is a canonical homomorphism 

H 5 x {T t ,Z) ^ H^Z) 

it is neither surjective, nor injective in general. The bundle asso dated to H((T t ,Z) 
has a canonical connection too and this is the appropriate framework for the study 
of M{t). This construction might be of independent interest in the topological study 
of polynomial fibrations. 

To illustrate our results we consider in full details two examples 

H A3 = V - + {X 4 ] and H DA = x[y 2 -{x-?>)\ 

that are known as the eight-loop Hamiltonian and the Hamiltonian triangle. Note 
that Ha 3 and Hn A are deformations of the isolated singularities of type A 3 and D± 
respectively, chosen to possess a rotational symmetry of order 2 and 3. We explain 
first how Theorem |21 applies to these cases. In the A 3 case the differential equation 
satisfied by the generating function M(t) is of Picard-Fuchs type. This means that 
M(t) is always an Abelian integral, as conjectured earlier by the second author, see 
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[To] . On the other hand, in the D4 case the equation is of Fuchs type and has a 
solution which is not a linear combination of Abelian integrals of the form (J3J), with 
/ = i?D 4 - The reason is that the generating function M(t) has a term (log(t)) 2 
in its asymptotic expansion. Equivalently, the monodromy group of the associated 
connection contains an element of the form 



which could not happen if the associated equation were of Picard- Fuchs type. Next, 
we provide an independent study of M(t) based on a generalization of Frangoise's 
algorithm [2|. It is assumed for simplicity that in (l e ) the polynomials P, Q do 
not depend on e. In the A 3 case, we derive explicit formulas for M(t) in terms 
of k and the degree n of the perturbation (Theorem 3) and use them to estimate 
the number of bifurcating limit cycles in (l e ) which tend to periodic orbits of the 
Hamiltonian system (Theorems 4, 5, 6). Note that our argument applies readily to 
the double- heteroclinic Hamiltonian H = ^y 2 — \{x 2 — l) 2 and to the global-center 
Hamiltonian H = \y 2 + ^(x 2 + l) 2 as well. What concerns the Hamiltonian triangle, 
we give an explicit example of a quadratic perturbation leading to a coefficient M(t) 
at e 3 which is not an Abelian integral and derive the third-order Fuchsian equation 
satisfied by M(t). This part of the paper uses only "elementary" analysis and may be 
read independently. We hope that the complexity of the combinatorics involved will 
motivate the reader to study the rest of the paper. This was the way we followed, 
when trying to understand the controversial paper jTHj (its revised version is to appear 
in Bull. Sci. Math.). 

The applications of Theorem |21 which we present are by no means the most general. 
On the contrary, these are the simplest examples in which it gives non-trivial answers. 
Theorem El can be further generalized and a list of open questions is presented at the 
end of section 12.31 

2 Generating functions and limit cycles 

Assume that / = f(x,y) is a real polynomial of degree at least 2 and consider a 
polynomial foliation T e on the real plane R 2 defined by 



where P, Q are real polynomials in x, y and analytic in e, a sufficiently small real 
parameter. Note that (jlj) is just another form of the equation (l e ) with H replaced 



Let 5(t) C {(x, y) e R 2 : f(x,y) = t] be a continuous family of ovals defined 
on a maximal open interval S C R. We identify S with a cross-section S — > R 2 
transversal to the ovals 5(t) from the period annulus A = Ut e s5(t). For every compact 
sub- interval K C E, there exists = £q(K) such that the first return map V e (t) 




df — sQ(x, y, e)dx + eP(x, y, e)dy = 



(4) 



by/. 
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associated to the period annulus A is well defined and analytic in 

{(t,e) Gt 2 :t G K,\e\ < e } . 

As the limit cycles of (J3J) intersecting K correspond to the isolated zeros of V £ (t) — t, 
we shall always suppose that V £ (t) ^ t. Then there exists k G N such that 

V e (t)-t = M k (t)e k + 0(e k+l ) (5) 

uniformly in t on each compact sub-interval K of E. Therefore the number of the 
zeros of M^it) on E provides an upper bound to the number of zeros of V e (t) -i on 
E and hence to the number of the corresponding limit cycles of (@J) which tend to 
A as e — > 0. Indeed, taking the right-hand side of © in the form e k [Mk(t) + 0(e)] 
and using the implicit function theorem (respectively, the Weierstrass preparation 
theorem in the case of multiple roots), we see that the displacement map and its first 
non-zero coefficient M k (t) will have the same number of zeros in E for small e ^ 0. 

Definition 1 We callV e (t)—t the displacement map, and Mk(t) the (k-th) generating 
function, associated to the family of ovals S(t) and to the unfolding T £ . 

Example. If / has (deg / — l) 2 different critical points with different critical values, 
then Mfc(t) = J s u\^k where Q k is a polynomial one-form in x,y. Therefore, the 
generating function Mfc(t) is an Abelian integral. This easily follows from Frangoise's 
recursion formula j2] and the fact that if Q = for a certain polynomial one-form 
Q, then Q = dG + gdf for suitable polynomials G, g [T^ 0] . On the other hand, when 
/ is non-generic (e.g. has "symmetries"), this might not be true, see the examples in 
section El 

2.1 The monodromy group of the generating function 

For any non-constant complex polynomial f(x, y) there exists a finite set A C C such 

that the fibration C 2 ^ C \ A is locally trivial. Let £ £ A, P G f~ X {h) and E C C 2 
be a small complex disc centered at Pq and transversal to / -1 (£o) C C 2 . We will also 
suppose that the fibers which intersect E are regular, hence t = f(x,y)\x is a 

coordinate on E. 

To an unfolding T e of df = on the complex plane C 2 defined by (|1J), and to a 
closed loop 

l : [0,1] - f-\t ), / (0) = / (1) = P , 
we associate a holonomy map (return map, Poincare map in a complex domain) 

V h ^ ■■ S - E . 

In the case when Iq is an oval of the real polynomial /, it is just the complexification 
of the analytic Poincare map V e defined above, see Fig. ^ In general, the definition of 
Vi (h ^ is the following, see e.g. f7j. Let Tq be a holomorphic foliation transversal to 
•7~o — {df = 0} in some neighborhood of l (for instance, = {f y dx — f x dy = 0}). 
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(i) (ii) 




(iii) 

Figure 1: The first return map and its complexification. 

Then for |e| sufficiently small, JF^ remains transversal to T e . The holonomy map 
Vi 0l F e is a germ of a biholomorphic map in a neighborhood of Pq G E which is 
obtained by lifting the loop l in the leaves of T e via Namely, Q = Vi 0t ^ e (P) if 
there exists a path Z in a leaf of .F e which connects P and Q, and which is a lift of 
the loop l according to J 7 ^. The holonomy map Vi 0j jr e does not depend on the choice 
of the transversal foliation Fq. If / , h are two homotopic loops with the same initial 
point P Q , then Vi ,r e = P~h,F £ - 

Let us fix the foliation T e and the loop l . As before, if we suppose that Vi ^ s ^ id, 
then there exists k e N such that 

=i + £ fc M fc (Zo,^,t) + ... 

When there is no danger of confusion, we shall write simply 

M k (l ,F e ,t)=M k (t). 

The function M k is called the generating function associated to the unfolding T e and 
to the loop l . Note that the natural number k as well as M k depend on Z , T e and E 
in general. The following observation is crucial for the rest of the paper. 

Proposition 1 The number k and the generating function M k do not depend on 
E. They depend on the foliation T e and on the free homotopy class of the loop 
Iq C The generating function M k (t) allows an analytic continuation on the 

universal covering o/C \ A, where A is the set of atypical points of f . 

The proof the proposition uses the following algebraic lemma. 
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Lemma 1 Take fceN. Let 

oo oo 

R(t) =t + J2 ei Vi{t), Pk ^ 0, G £ (t) =t + Yl £i 9M 

i=k i=l 

be convergent power series of (t, e) in a suitable polydisc centered at the origin in C 2 . 
If e is fixed and sufficiently small, then G £ is a local automorphism and 

oo 

G; 1 oP e oG £ (t) = t + Ys £t P*( t ) 

i=k 

where p k (t) = p k (t). 

Proof of Lemma We have 

oo 

P £ oG £ (t) = G £ (t) + Y,e l Pl (G £ (t)) = G £ (t)+e k p k (t) + 0(e k+1 ) 

i=k 

oo 
8=1 

and therefore 

G- 1 oP £ oG £ (t) = G £ (t)+e k p k (t) + 0{e k+l ) 

oo 

+ ^^(G £ (t)+^W + 0(£ fc+1 )) 
i=i 

oo 

= G £ (t) + e k Pk (t) + Y^e%(G £ (t)) + 0(e k+1 ) 

i=i 

= t + E k Pk (t) + 0(s k+1 ). 

In the above computation 0(e k+1 ) denotes a power series in t,e containing terms of 
degree at least k + 1 in e. The lemma is proved. 

Proof of Proposition Let E be another transversal disc centered at Pq and 

V l0 ,rM :E^E 
the corresponding holonomy map. Then 

v l0 ,rM = G; l ov l0 ,rMoG £ (t) 

where 

G £ : E -> E 
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is analytic and Go(t) = t. Lemma ^ shows that 

PhfM = t + e k M k (t) + 0(e k+1 ), M k (t) £ 

if and only if 

ViofM = * + £ kM k(t) + 0(s k+1 ), M k (t) ± 
As the holonomy map Vi ^ e {t) depends on the homotopy class of Iq this holds true 
for k and M k . In contrast to Vi f e , the generating function M k depends on the free 
homotopy class of Iq. Indeed, let l be a path in J -1 (to) starting at Q and terminating 
at Po, and let E be a transversal disc centered at Qq with corresponding holonomy 
map 

7\^(t):E^E. 

Then we have 

V l0> rM = GJ^ o v ktF .{t) o G kiF .{t) (6) 

where 

Gf tt '■ S — ► S 

is analytic and Gj r (t) = t (the definition of G~ 1q p is similar to the definition of 
T > i 0j jT s (t)). Lemma n shows that the generating function M k (t) does not depend on 
the special choice of the initial point Po- We conclude that it depends only on the 
free homotopy class of the loop Iq. Until now M k was defined only locally (on the 

transversal disc E). As the fibration C 2 \ / _1 (A) — > C \ A is locally trivial, then each 
closed loop Iq G / -1 (to) defines a continuous family l (t) of closed loops on / _1 (t), 
defined on the universal covering space of C \ A. Only the free homotopy classes 
of the loops l (t) are well defined and to each l (t) corresponds a holonomy map 
defined up to conjugation, see (|Sj). As this conjugation preserves the number k and 
the generating function M k {t) then the latter allows an analytic continuation on the 
universal covering of C \ A. Proposition^ is proved. □ 

The monodromy group of M k (t) is defined as follows. The function M k (t) is 
multivalued on C \ A. Let us consider all its possible determinations in a sufficiently 
small neighborhood of t = to- All integer linear combinations of such functions form a 
module over Z which we denote by J\Ak(lo, T^). When there is no danger of confusion 
we shall write simply 

M k (l ,F £ ) =M k . 

The fundamental group 7Ti(C \ A, to) acts on Aik as follows. If 7 e 7i"i(C \ A, to) and 
M G Aik, let 7*M(i) be the analytic continuation of M(t) along 7. Then 7* is an 
automorphism of M. k and 

(7l °l2)M = J 2 *(ll*M) . 

Definition 2 The monodromy representation associated to the generating function 
Mk is the group homomorphism 

7n(C\A,t ) ^Aut(M k ) . (7) 
The group image of tti(C \ A,t ) under Q is called the monodromy group of M k . 
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In what follows we wish to clarify the case when the generating function is (or is not) 
an Abelian integral. For this we need to know the monodromy representation of M^. 

2.2 The universal monodromy representation of the gener- 
ating function 

Let H be a group and S C H a set. We construct an abelian group S/[H, S] associated 
to the pair H, S as follows. Let S be the group generated by the set 

{hsh- 1 :heH}, 

that is to say, the least normal subgroup of H containing S. We denote by [H, S\ the 
"commutator" group generated by 

{hsh- l s - 1 :heH, seS}. 

Then [H,S] = [S,H] is a normal subgroup of S and S/[H,S] is an abelian group. 
There is a canonical homomorphism 

S/[H,S]^H/[H,H] 

which is not injective in general. Note that S = H implies that S/[H, S] = H/[H, H] 
is the abelianization of H . 

We apply now the above construction to the case when H = 7ri(r,P ) is the 
fundamental group of a connected surface T (not necessarily compact), P e T. Let 
7Ti(r) be the set of immersions of the circle into T, up to homotopy equivalence (the 
set of free homotopy classes of closed loops). Let S C 7Ti(r) be a set and S C 7Ti(r, Pq) 
be the pre-image of S under the canonical projection 

7ri(r,p )-7Ti(r). 

Then S is a normal subgroup of 7Ti(r, P ) an d we define 

fff(r,z) = 5/[5,7Ti(r,p )]. 

In the case when S = 7r 1 (r,P ) we have iff (r, Z) = Hi(T, Z), the first homology 
group of T. Let * be a diffeomorphism of T. It induces a map 

tt,:7ri(r)->7n(r) 

and we suppose that ^*(S) = S. Then it induces an automorphism (denoted again 
by #*) 

: pf(r,z) -> pf(r,z). 

Note also that if \l/o is a diffeomorphism isotopic to the identity, then it induces the 
identity automorphism. 

Two closed loops s±, s 2 G S represent the same free homotopy class if and only if 
Si = hs 2 hr l for some h £ ^(r^o). It follows that to each free homotopy class of 
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closed loops represented by an element of S there corresponds a unique element of 

#f(r,z). 

Consider finally the locally trivial fibration 

C 2 \/ _1 (A) ^ C\ A 

defined by the non-constant polynomial / G C[x, y] and put T = / _1 (to), to A. 
Each loop 7 G 7Ti(C\A, to) induces a diffeomorphism 7* of T, defined up to an isotopy, 
and hence a canonical group homomorphism 

7r 1 (C\A,to)^Diff(r)/Diffo(r). (8) 

Here Diff (r)/Diff (r) denotes the group of diffeomorphisms Diff (r) of T, up to dif- 
feomorphisms Diffo (r) isotopic to the identity (the so called mapping class group of 
T). The homomorphism (jHJ) induces a homomorphism (group action on 77 (T)) 

n 1 (C\A,t )^Perm(7i 1 (T)) (9) 

where Perm (77(F)) is the group of permutations of 717(F). 

Let l G T be a closed loop, and let 5* C 7r 1 (/ _1 (t ), P ) be the subgroup "gen- 
erated" by l . More precisely, let / £ 7r i(/ _1 (^o)) be the free homotopy equivalence 
class represented by l . We denote by S C 717 (r) the orbit 7Ti(C \ A,t Q )l . Let 
S C 77 (r, P ) be the subgroup generated by the pre-image of the orbit O[ under the 
canonical map 

7r 1 (r,p )^7r 1 (r) 

and let us put 

H^(T,Z)=S/[n 1 (T,P ),S}. 
We obtain therefore the following 

Proposition 2 The group if{°(/ _1 (to), Z) is abelian and the canonical map 

H l 1 °(f- 1 (t ),Z)^H 1 (f- 1 (t ),Z) (10) 

is a homomorphism. The group action (0) of 7Ti(C \ A, to) on 7Ti(/ _1 (to)) induces a 
homomorphism 

n 1 (C\A,t )^Aut(H l 1 °(f- 1 (t ),Z)) (11) 
called the monodromy representation associated to the loop Iq. 

The monodromy group associated to / is the group image of 717 (C \ A, t ) under the 
group homomorphism (|11|). 

Theorem 1 For every polynomial deformation T e of the foliation df = 0, and every 
closed loop lo C f~ 1 {to), the monodromy representation <Q of the generating function 
Mfc is a sub-representation of the monodromy representation dual to (jiij) . 
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The concrete meaning of the above theorem is as follows. There exists a canonical 
surjective homomorphism 

H*?tf-\t Q ),Z)^M h (l Q ,F e ) (12) 

compatible with the action of 7Ti(C \ A, to)- The latter means that for every 7 e 
7Ti(C \ A, t ) the diagram 

H%tf-\t Q ),Z) ^ M k (l ,Fs) 

H[°{r l {h),%) ^ M k (!o,F e ) 

commutes (7* is the automorphism induced by 7). Therefore Ker(tp) is a subgroup of 
if{ (/~ 1 (t ), invariant under the action 717 (C \ A, t Q ), and hence (JJJ) is isomorphic 
to the induced representation 

7n(C\A,t ) -^Hi (f- 1 (t ),Z)/Ker(ip) 
which is a subrepresentation of 

^(cwo^tfhr 1 ^),^*. 

Proof of Theorem [H First of all, note that if l\,l 2 E tti(/^ 1 (^o), Pq) and 

VhMt) = t + M k (h,F £ ,t)e k + 0(e k+1 ), V h ,^(t) = t + M k {l 2 ,T e ,t)e k + 0(e k+1 ) 
then 

V h ,r e o = T^,^) = * + (M k (h,F £ ,t) + M k {l 2l ^t))e k + 0(e fc+1 ) 
(the proof repeats the arguments of Proposition |TJ). It follows that 

M k (h o l 2 , T E , t) = M k (l 2 o l u T e , t) = M k (h, T E , t) + M k (l 2 , T £ , t). (13) 

The generating function M k {t) is locally analytic and multivalued on C \ A. For 
every determination 7*Mfc(Z , ^F £ , t) of M k (l , .F e ,t) obtained after an analytic contin- 
uation along a closed loop 7 6 717 (C \ A, t ) it holds 

7*M fc (Z , T £ , t)) = M k (rfJ , T £ , t) (14) 

where Iq is (by abuse of notation) a free homotopy class of closed loops on / _1 (to)- 
Indeed, let lit) C f~ l it) be a continuous family of closed loops, l(t ) = l . For 
each to we may define a holonomy map Pi(t ) t F e {t) analytic in a sufficiently small disc 
centered at to- It follows from the definition of the holonomy map, that if to, to are 
fixed sufficiently close regular values of /, then Put ),F s (t) and Vi(t ),F s (t) coincide in 
some open disc, containing to, to- The same holds for the corresponding generating 
functions. This shows that the analytic continuation of M k (t) = M k {l{to),!F e ,t) 
along an interval connecting t Q and t Q is obtained by taking a continuous deformation 
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of the closed loop Z (to) along this interval. Clearly this property of the generating 
function holds true even without the assumption that to, to are close and for every 
path connecting to, to. This proves the identity dHj) . 
Formula (jl4j) shows that 

k{lo, T £ ) = Hi Jo, T £ ), V 7 G 7Ti(C \ A, t ). 

Let I C f~ x (to) be a closed loop representing an equivalence class in H l °{f~ l [to),1'). 
Then (JTSJ) implies that k{l,T £ ) > k(l ,J- £ ) and we define 




M k (l,F £ ,t), iik(l,F £ ) = k(lo,F £ ) 
0, if k{l,F £ ) > k{l ,F £ ) 



Using the definitions of the abelian groups H[°(f l {to),1) and AA k {lo,F £ ) and the 
identities (|13|h ()14|). it is straightforward to check that 

• (p depends on the equivalence class of the loop I in if{ (/ _1 (t ), Z); 

• </?(£) belongs to .Mfc(£Q,.F e ); 

• (p defines a surjective homomorphism ()12|) which is compatible with the action 
of7n(C\A,to) on^CrHto)^) ^dM k (lo,F £ ). 

Theorem ^ is proved. □ 
2.3 Main result 

Our main result in this paper is the following. 
Theorem 2 

1. If -f^i (/ 1 (to) ? is of finite dimension, then the generating function M k (t) = 
M k (l , T £ ,t) satisfies a linear differential equation 

a n {t)x (n) + a n ^i{t)x {n ~ l) + ... + a x {t)x' + a (t)x = (15) 

wheren < dim H l ° (f~ 1 {to),'L) andai(t) are suitable analytic functions onC\A. 

2. If, moreover, M k (t) is a function of moderate growth at any ti G A and at 
t = oo, then ([73)) is an equation of Fuchs type. 

3. If in addition to the preceding hypotheses, the canonical map 

HWf-^olT) ^ H^f-^to),!.) (16) 
is injective, then M k (t) is an Abelian integral 

M k (t) = I u; (17) 
Ji(t) 

where lo is a rational one-form on C 2 and lit) C is a continuous family 

of closed loops, l(t ) = l . 
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Remarks. 



1. Recall that a multivalued locally analytic function g : C \ A — > C is said to be 
of moderate growth if for every ip Q > there exist constants C, N > such that 

sup{\g(t)t N \ : < \t - ti\ < C, Arg(t -ti) < ipo, U G A} < oo 

and 

sup{\g(t)t~ N \ : \t\ > l/C,Arg\t\ < (f } < oo. 

2. When (|T6|) is not injective, the generating function could still be an Abelian 
integral. Of course, this depends on the unfolding T e . 

3. If the dimension of ^(/^(to), Z) is finite, we may also suppose that (|T3j) is 
irreducible. This makes (|TH|) unique (up to a multiplication by analytic func- 
tions). The monodromy group of this equation is a subgroup of the monodromy 
group associated to Iq, see (fTTjl . It is clear that M^it) may satisfy other equa- 
tions with non-analytic coefficients on C \ A. 

Proof of Theorem [21 Suppose that if{°(/ _1 (to), Z) is of finite dimension. Then 
M-ki}o^e) = H l 1 °(f~ 1 (to),Z)/Ker(ip) is of finite dimension too, and let gi(t) = 
Mk(h, J~e, t), i = l,...,n be a basis of the complex vector space V generated by 
M.ki}oi J~e)i dini(Q V < dim^ M.k(}oi 3~ej- There is a unique linear differential equa- 
tion of order dim^ V satisfied by the above generating functions (and hence by 
Mk{lo, J- e , t)) having the form (J 15)) which can be equivalently written as 



det 



(9i 


g't ■ 


(n) \ 

■ g\ \ 






(n) 


92 


9' 2 ■ 


• g\ 






in) 

■ gn 


9n 


9n ■ 


\ X 


x' 





The functions gi,g2, ■■■,g n are linearly independent over C and define a complex vec- 
tor space invariant under the action of 7Ti(C \ A, to). For a given 7 e 7Ti(C \ A,t ), 
let 7* G Aut{V) be the automorphism (fTTj) and denote (by abuse of notation) by 
7*aj(t) the analytic continuation of cii(t) along the loop 7. The explicit form of 
the coefficients aiit) as determinants (see (JUJ)) implies that 7*aj(t) = det^Aatit). 
Therefore 7*[a i (t)/a ri (t)] = ai(t)/a n (t), a,i(t)/a n (t) are single- valued and hence mero- 
morphic functions on C \ A. This proves the first claim of the theorem. If in addition 
Mfc(t) is of moderate growth, then g^t) are of moderate growth too, ai(t)/a n (t) are 
rational functions, and the equation (fi3j) is of Fuchs type (eventually with apparent 
singularities). 

Suppose finally that (fTo]) is injective, which implies that /j{°(/ _1 (t ), Z) is a sub- 
group of the homology group ifi(/ _1 (t ), ^)- By the algebraic de Rham theorem 
[S] the first cohomology group of / _1 (to) is generated by polynomial one-forms. In 
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particular, the dual space of H l ±(f 1 (t ),^) is generated by polynomial one-forms 



u>i,u>2, —,w n - Let li(t),l 2 (t), 
loops, such that h(t ), h(to), 



,l n (t),l(t) C / 1 (t) be a continuous family of closed 
, l n (t ) defines a basis of if{ (/ _1 (i ), Z, l(t ) = l . The 





/ 9i J h ui f h u* ■ 


■ I h \ 






■ Il 2 U n 


det 




9n f ln u>i f ln uj 2 . 


■ L U n 




\M k J^t . 


■ Il^n / 


developed with respect to the last row gives 





0. 



(19) 



a M k + ol\ Lu 1 + a 2 uj 2 + ...a 



0. 



As H%(f- x (t ) t E) C Hi(f- x (t ),Z) is invariant under the action of 7r x (C \ A,t ), 
then we deduce in the same way as before that / ao(t) are rational functions. 
This completes the proof of the theorem. □ 

We conclude the present section with some open questions. Let l (t) C be 
a continuous family of ovals defined by the real polynomial / G ~R[x, y}. 



Open questions 

1. Is it true that the abelian group H l °(f~ l {tQ),i 
generated, or even stronger, dim^°(/- 1 (t ), Z) 
give counter-examples. 



r) is free, torsion free, finitely 
< dimH x tf-\t Q ),I)'l If not, 



2. Is it true that every generating function of a polynomial deformation T e of 
df = is of moderate growth at any point t G A or t G 00? 

3. Is it true that the monodromy representation (jlljl has the following universal 
property : for every I G -ff{ (/ _1 (to), Z) there exists a polynomial deformation T e 
of df = 0, such that the corresponding generating function ip(l) is not identically 
zero. If this were true it would imply that H l ^ ) (f^ 1 (t ),X) is torsion-free, and 
whenever (|16|) is not injective, then there exists a polynomial unfolding with 
corresponding generating function which is not an Abelian integral of the form 

4. Suppose that the canonical homomorphism (fTTH) is surjective. Is it true that it is 
also injective? Note that a negative answer would imply that the representation 
(jllj) is not universal (in the sense of the preceding question). Indeed, if (llOj) 
is surjective, then the orbit Oi generates the homology group, and hence the 
generating function is always an Abelian integral. The kernel of the canonical 
map (jl(Jj) consist of free homotopy classes (modulo an equivalence relation) 
homologous to zero, along which every Abelian integral vanishes. 
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Figure 2: The continuous families of ovals 61, 6 r and 6 e . 

3 Examples 

In this section we show that the claims of Theorem are non-empty. Namely, we 
apply it to polynomial deformations / of the simple singularities y 2 + x 4 , xy(x — y) 
of type A 3 , -D4 respectively (see [TJ vol. 1] for this terminology). For a given loop 
8(t) C C C 2 we shall compute the group Hf Z). As the abelian groups 

H((f~ 1 (t), Z) are isomorphic, then when the choice of t is irrelevant we shall omit it. 
The same convention will be applied to the cycles or closed loops on the fibers 
An equivalence class of loops in H( (f^ 1 (i )t , Z) will be represented by a free homotopy 
class of loops on Two such free homotopy classes 61,62 are composed in the 

following way: take any two representative of 61,62 in the fundamental group of the 
surface and compose them. This operation is compatible with the group law in 

H( (/ _1 (to)t, Z), provided that 61, 62 represent equivalence classes in it. The operation 
defines a unique element in Hf (f~ 1 {to) t , Z) (represented once again by a non-unique 
free homotopy class of loops). 

3.1 The A3 singularity 

Take 

, f v y 2 , (* 2 - 1) 2 

f{x,y) = — + ~ A 

and denote by 6 e (t), 6i(t), 6 r (t) respectively the exterior, left interior and right interior 
continuous family of ovals defined by {(x, y) E 1R 2 : f(x, y) = t}, see Fig. |21 We denote 
by the same letters the corresponding continuous families of free homotopy classes of 
loops defined on the universal covering space of C \ {0, 1/4}, and fix to ^ 0. 
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Figure 3: The Dehn twist along the closed loop Si. 

Proposition 3 We have 

H 8 ^r\h)^) = Ht{f-\t ),Z) = H^f-^tolZ) = Z 3 , H Se{to) = Z 2 
and the canonical map H'l e (f~ 1 (to),Z) — > H^f" 1 ^), Z) is injective. 
Applying Theorem |21 we get 

Corollary 1 For every polynomial unfolding J-" e the generating function Mgu \ is an 
Abelian integral, provided that this function is of moderate growth. 

It is possible to show that Mg^) is always of moderate growth (this will follow from 
the explicit computations below). As for M^i^ and Mg r (t ), it follows from 5j that 
these functions are always Abelian integrals. 

Proof of Proposition^ The affine curve / _1 (to) is a torus with two removed points, 
and hence Hx{f-\to),Z) = Z 3 . We compute first H{ l {f-\t Q ),Z). Let t G (0,1/4) 
and let S s (t) C / _1 (£), t G (0,1/4), be the continuous family of "imaginary" closed 
loops (the ovals of {y 2 /2 — (x 2 — l) 2 /4 = t}) which tend to the saddle point (0, 0) as 
t tends to 1/4. As before we denote by the same letter the continuous family of free 
homotopy classes of loops defined on the universal covering space ofC\{0,l/4}, and 
fix to 7^ 0, 1/4. Let lo, h/4 G 7Ti(C \ {0, 1/4}, to) be two simple loops making one turn 
about and 1/4 respectively in a positive direction. The group 7Ti(C\{0, 1/4}, to) acts 
on 7Ti(/ _1 (to)) as follows. To the loop Z1/4 corresponds an automorphism of / _1 (io) 
which is a Dehn twist along 8 s (to). Recall that a Dehn twist of a surface along a 
closed loop is a diffeomorphism which is the identity, except in a neighborhood of the 
loop. In a neighborhood of the loop the diffeomorphism is shown on Fig. El see |22j . 
The usual Picard-Lefschetz formula pQ describes an automorphism of the homology 
group induced by a Dehn twist along a "vanishing" loop. Therefore ly4*5 s = 5 S and 
h/4*5i is the loop shown on Fig. El We may also compose the loops 5 s ,li/^5i in the 
way explained in the beginning of this section. The result is an equivalence class in 
Hi 1 (J -1 (to), Z) represented in a non-unique way by a closed loop. The equivalence 
class Vari 1/4 5i = (h/<L — id)*8i equals therefore to the class represented by 8 S , and hence 
Varf 5i represents the zero class. In a similar way we compute lo*5 s (t ) which equals 
5 S + 5 r + 5[, as well as its first variation Vari 5 s = (l — id)*5 s which equals 5 r + Si, see 
Fig. El It follows that the second variation Varf 5 S of S s may be represented by a loop 
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(iii) (iv) 

Figure 4: The closed loops S e and S s . 

homotopic to a point. We conclude that if^(/ _1 (t ), Z) is generated by equivalence 
classes represented by 5i,5 s ,5 r and hence it coincides with .ffi(/ _1 (£o), Z) (generated 
by the same loops). The computation of iyf r (/ _1 (t ), Z) is analogous. 

To compute H± e (/ _1 (t ), Z) we note that this group coincides with H{" (f- l {t Q ),Z). 
Indeed, take a loop / C C starting at to (0)1/4) and terminating at some t\ G 
(1/4, oo) as it is shown on Fig. 0] This defines a continuous family of (free homotopy 
classes of) loops S s (t) along /. Then it follows from Fig. HJthat 

S s (t ) = 5 e (h) 

and hence H*^ (f^to), Z) = iZf^CT^o), Z). The loop ZoA(t ) and its first 
variation Var/ 5 s (to) = (^o — *rf)*^s(^o) were already computed (Fig. (HJ) and the 
second variation Varf o <5 s (t ) may be represented by a loop homotopic to a point. 
Further, h/4*5 s (t Q ) = S s (t ), and the first variation Vari 1/4 Vari S s (t ) of Vari S s (t ) 
along Z1/4 is a composition of free homotopy classes of 5 S (two times). It follows 
that -£/^ s (/ -1 (to)) Z) is generated by 5 S and Vari 8 s . As these loops are homologically 
independent we conclude that 

Ff(r 1 (t ),Z)^F 1 (/- 1 (to),Z) 

is injective and -fff s (/ _1 (£o), Z) = Z 2 . The proposition is proved. □ 

3.2 Calculation of the generating function in the ^3 case 

In what follows we compare the above geometric approach to the combinatorial ap- 
proach based on Frangoise's recursion formulae. We shall prove a stronger result 
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allowing us to set up an explicit upper bound to the number of zeros in E of the 
displacement map V e (t) —t for small e. Below we use the standard notation H of the 
Hamiltonian function, 

y (x 2 -i) 2 

2 4 

We say that A is a polynomial of weighted degree m in x, y, H provided that 

A(x,y,H)= a ijk x i y j H k 

i+j+2k<m 

(namely, the weight of x, y is one and the weight of H is assumed to be two). Clearly, 
a polynomial in x, y allows a representation through different weighted polynomials 
in x, y, H, possibly of different weighted degrees, depending on the way the powers 
x 1 with i > 3 were expressed. However, any polynomial has a unique representation 
through a weighted polynomial in a normal form which means that the latter contains 
powers x % with i < 3 only. We will not assume that the weighted polynomials we 
consider bellow are taken in a normal form. 

Set CTfc = x k ydx and = f s ^ c/-, k — 0,1, 2, where S(t) is an oval contained in 
the level set {H = t}. 

Proposition 4 For any one-form oj m = A m (x, y, H)dx + B m (x, y, H)dy with polyno- 
mial coefficients of weighted degree m, the following decomposition holds: 

u m = dG m+1 (x, y, H)+g m _ 1 (x, y, H)dH+a m ^ 1 (H)a +p m ^ 2 {H)a 1 +j m - 3 (H)a 2 (20) 

where Gk, 9ki a ki flk,Jk ar ^ polynomials in their arguments of weighted degree k. 

Below, we will denote by ak,Pk,1k polynomials of weighted degree k in H, by Gk,gk 
polynomials of weighted degree k in x, y, H, and by Uk one-forms with polynomial 
coefficients of weighted degree k in x, y, H . (Possibly, different polynomials and one- 
forms of the same degree and type will be denoted by the same letter.) 

Proof of Proposition The proof is similar to the proof of Lemma 1 in ^3] which 
concerned the elliptic case H = ly 2 + |x 2 — |x 3 . It is sufficient to consider the case 
when the coefficients of the one-form do not depend on H. As in ^3], one can easily 
see that the problem reduces to expressing the one-forms y->dx, xy^dx, x 2 y^dx in the 
form (J2*UJ| . We have 

y^dx = — — — Hy^~ 2 dx H — — (x 2 — l)yi~~ 2 dx — — xy^~ 2 dH + d- 



2j + l * 2j + V '» 2j + l a 2j + T 

xy^dx = — —Hxy^~ 2 dx — (x 2 — l)y^~ 2 dH + d— — , 

y 3 + 1 2 j + 2 v ;y 2j + 2 ' 

x 2 yidx y^dx = — Hx 2 y^~ 2 dx — (x 3 — x)v^~ 2 dH + d— X ^ . 

y 2j + 3 y 2j + 3 y 2j + 3 v ' y 2j + 3 

^From the second equation we obtain immediately that xy^dx = CjH 3 ~ o~\ + dGj +2 
gjdH (cj = for j even, Cj > for j odd) which yields 

xA m ^ x {y)dx = f3 m - 2 {H)o 1 + dG m+1 + g m - X dH. 
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Taking notation 9j = (y^dx, x 2 y^dx) T , Qj = (dGj + i + gj_idH, dGj +3 + gj + idH) T , one 
can rewrite the system formed by the first and the third equation above in the form 



9 j ^(IhO, 2 • (-) r Aj(H) 



2J + 1 



/ AH - 1 1 \ 

AH - 1 A(2j + 1)H + 1 
V 2jT3 2j + 3 / 



As Aj0j_2 = @j, this implies that 9j = AjAj^ ■ ■ ■ A-3@i + ®j for j odd and = 
AjAj_2 . . . A2#o + ©j for J even, which in both cases is equivalent to 

y^dx = aj-i(H)a + 7 i _ 3 (if)cr 2 + dG j+1 + gj-idH, 

(21) 

x 2 y j dx = otj_i(H)(jQ + jj_ 1 (H)a2 + dG j+3 + gj+idH 

where the coefficients at o"o, <Ji vanish for j even. Applying the last two relations with 
j < m and j < m — 2 respectively, we obtain the result. □ 

The above decomposition (|2()jl is the basic tool for calculating the generating func- 
tions. For the two period annuli inside the eight-loop (level sets t G (0, |)), one 
has 

/ UJ m = a m ^i(t)I (t) + [3 m - 2 (t)h(t) + lm-3(t)h(t), 
JS{t) 

and for < t < |, 

/ u m = a m -i(t) = (3 m - 2 (t) = 7™-3(£) = ^ co m = dG m+1 + g m - X dH. 
hit) 

This means that the internal period annuli satisfy the so called (*) property [2 and 
the generating functions are determined from the integration of polynomial one-forms 
calculated in a recursive procedure. More explicitly, consider a small polynomial 
perturbation 

x = H y + ef{x,y), 
y = -H x + eg(x,y), 

which can be rewritten as dH — eu n = with u n = g(x, y)dx — f(x, y)dy and n the 
degree of the perturbation. Then in (0, |), the first nonzero generating function is 
given by 

M k (t) = / tt k , where fii = u n , = q k -i^i and = dQ k ^ + q k ^dH. 

J5(t) 

Making use of (J2U|) . it is then easily seen by induction that q k _\ is a polynomial of 
weighted degree (k — l)(n — 1), therefore Q k is a polynomial one-form of weighted 
degree m — k(n — 1) + 1 which proves that 

M k (t) = q^n-DjftUnffl + ^ Kn-D-i jCtUiffl + 7 [ Mn-D-2 ] (t)/ 2 (t) (23) 

20 



where ctj, (3j, 7^ are polynomials in t of degree at most j. 

For the period annulus outside the eight-loop (level sets t G (|, 00)), one has 

W m = a m _i(t)/o00 + lm-3(t)I 2 (t), 

S(t) 

and for | < t < 00, 

uj m = ^ « m _i(t) = 7 m _ 3 (*) = <^> u; m = <iG m+ i + g m -idH + (3 m - 2 (H)ai 

5(t) 

since = which is caused by symmetry of the oval. Therefore the outer period 
annulus does not satisfy the (*) property which makes this case troublesome and we 
shall deal with it until the end of this section. 

Take a point (x, y) lying on a certain level set H = t for a fixed t > | and let 
(a, 0) be the intersection point of the level curve with the negative x-axis. Denote by 
S(x,y) C {H = t} the oriented curve in the (£,77) plane connecting (a, 0) and (x, y) 
in a clockwise direction. Consider the function (p determined by the formula (see 
formula (2.5) in [TTj ) 



5(x,y) V 



As Ii(t) = J s ^xydx = 0, this is also true for I[(t) = f s , f , ^ which implies that 
(p(±a,0) = 0. Therefore, (p(x,y) is single-valued and hence an analytic function in 
the domain outside the eight-loop. In 12 j, if was expressed as 



/ x 2 — 1 7r \ sign?/ / 

arctan = signu = — =- 

V yV2 2 y ) ^2 V 



<p(x,y) = —j= I arctan -= — signy I = — -=- I arcsin 



X — 1 7T 



y/2 V yV2 2 to V ^ V 2v^ 2 

In jTHj, the authors expressed ip by a complex logarithmic function 

z x 2 — 1 + iv^y 

09 = -= log -=- 

2V2 x 2 -l-iV2y 

and used in their proofs the properties of (p on the corresponding Riemann surface. 
The concrete expression of the function (p is inessential in our analysis. We will only 
make use of the identities pij) below and the fact that ip there is determined up to an 
additive constant, whilst the first nonvanishing generating function Mk is independent 
on such a constant. 

Let us denote for short G = \(x 2 — l)y. Using direct calculations, one can establish 
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easily the following identities: 



o\ = xydx = dG + Hdip, 

TJA ^ A x 1^1a 

Hdip = —dx — dy, 

y 

(x 2 - l)d<p = ^jjdH - dy, ^ 
x 2 - 1 

ydtp = xdx dH, 

y * AH 

(5x 2 -l)y, JxG\ xG 7TT 

xdip = ah dx ~ d \jr)~ jp dH - 



Making use of the first identity in ()24j1 . we can rewrite ()2()j) as 

u m = dG m+1 + g m -idH + f3 m dip + a m _i( J ff)a + lm-3(H)a 2 
= d(G m+ i + (pf3 m ) + (g m -i - (pf3' m )dH + 

Q^m— 1 

with some new Gk,gk an d /3 m satisfying (3 m {fS) = 0. 



(25) 



Lemma 2 For any nonnegative integer I and one-form of weighted degree m > 0, 
the following identity holds: 



l + l j l + l A 



(pu m = d^^ G m+ 3l-3j+l + ^2 9m+3l-3j+ldH 

3=0 j=0 
1 7 1 i 

Jp — a m +3l~3j~lO~0 + JjlZjlrn+3l-3j -3,0-2- 

j=0 j=0 

Proof. By the first equation in (|25j). we have 

J+i \ / ,J+i 



= d L l G m+1 + Y^iP™) + (vWl " dH 
+(p l a m -ia + tp l 7 m -30-2 - l<p l ~ l G m+ idip. 



(26) 



Using the second equation in (|24jh we can rewrite this identity as 

<p l w m = d(ip l G m+1 + Htp l+1 G m . 2 ) + {ip l g m -i + <p l+1 g m -2)dH 



By iteration procedure, we get 



V luj ™ = E 17 ( ) ) W~ J G m+ 3 ]+ i + H^ +1 G 



m+3j-2, 



3=0 
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+(<p l j g m + 3 j-i + <f l j+1 g m +3j-2)dH + ip 



1-3 



a... 



V3j-l°0 + f 



1-3 



I 

£ 

3=0 



d 



1-3 



■G 



m+3j+l 



+ 



l-j+1 



H^ 1 

1-3 



■G 



m+3j—2 



^1-3 V j'-J+ 1 
JjJ^9m+3j+l + Hj 



7m+3j-3°"2] 
9m+3j-2 



dH 



1-3 



Jj—<^m+3j-lO'0 + -jjf lm+3j-3 a 2 



l+l 
3=0 



l+i 



H l -i 



G 



m+3l-3j+l 



Elf-' 
H l- j+ l9m+3l-3j+ldH 



3=0 



3=0 



ftl-3 



®m+3l-3j-l (J Q 



7 , Jp—lm+3l-3j-3^2- D 
3=0 



Unfortunately, one cannot use directly Lemma El to prove Proposition El and Theorem 
01 Indeed, by the second equation in (J25J) . we see that the function q\ is a first 
degree polynomial with respect to (p which agrees with Proposition 03 for k = 1. By 
applying Lemma El we then conclude that q 2 would contain terms with denominators 
H 2 , which does not agree with Proposition El when k = 2. The core of the problem 
is the following. Let us express Qfc, the differential one-form used to calculate Mfc(t), 
in the form Q% = dQk + qkdH + ak(H)a + bk(H)a 2 . Then Mk(t) = is equivalent to 
dfc = bk = 0. However, the vanishing of and implies the vanishing of some "bad" 
terms in as well. Without removing these superfluous terms in q^, one cannot 
derive the precise formulas of Mk+i and qu+i during the next step. Hence, the precise 
result we are going to establish requires much more efforts. The proof of our theorem 
therefore consists of a multi-step reduction allowing us to detect and control these 
"bad" terms. As the first step, we derive below some preliminary formulas. 

Consider the function G m+ i in formula (J2BJ). As it is determined up to an additive 
constant, one can write 

G m+1 (x,y,H) = ax + {x 2 - l)G m _ x (x) + yG m (x,y) + HG m - X {x,y,H) 

which together with (|24|) yields 

9m+2 



-lG m+1 dip 
Therefore, by (J2HJ), 



UJ 



m+l 



+ 



H 



'-dH + aixdip, ai = const. 



Lf U Ti 



( ip l+1 \ fin 1 ' 1 \ 

<f l 1 co m+ i + d I (p l G m+ i 



By iteration, one obtains 
/ 



1 xdif + !f l a m -i<j + ip l 'y m _ 3 a 2 . 



Lf U! ri 



3=0 



m+l-j+l 



+ 



m+l— j 



I 



[ V9m+l-j-l 

3=0 



,3+1 



0'r, 



rn+l—j 



dH 
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I I I I 

+ ^2 —y^9m+l-j+2dH + ^2 CLj(fP~ X xdy + ^ ®m+l-j -1^0 + ^ 
j=l j=l 3=0 3=0 

After a rearrangement, we get 
z+i 



ip l U m = dy^tptGm+t-j+i + ( ^2 Jf9m+l-j+l + V^m-l ~ V^G'm ) dH 
3=0 \3=0 
l-l I I 

+ ^2 a 3^ 3x dy + ^2 ^Um+l-j-lVQ + X] 
3=0 3=0 3=0 

where G m = G m (H) and G m (0) = 0. Using (}2Tj) . we then obtain 

; i+l j ( 1 3 

—u m = d}—G m +t-.j+i + I j^g m+ i- j+ i - (p l+1 (G m / H)' J dif 
j'=o \i=o 



(27) 



dj—Xdip + J7Oi m +l-j-lV0 + 2^ J7lm+l-j-3^2- 



(2f 



3=0 3=0 3=0 

More generally, for any k > 2, 

— gU; m = d Jjk G m+l-j+l + I 2^ Jp^9m+l-j+l + ) d# 

j=o \i o 



3=0 3=0 3=0 



(29) 



After making the above preparation, take again a perturbation (|22j) or equivalently 
dH — eu n = where u; n is a polynomial one-form in (x, y) of degree n and consider 
the related displacement map (J3J). 

Proposition 5 Assume that M\(t) = . . . = Mfc(t) = 0. Then = dQ^ + q^dH , 
with 

fc-i 

% = 2j Jp—^9kn+k-3j-2 + <p k gk(n-2)- (30) 
j=0 

Proof. The proof is by induction. Assume that q^ takes the form (JHUj) . then = 
g^fii = can be written as 

fc-l ; 

= jjk-l-1 U (k+l)(n+l)-3l-3 + V 9fe ^(fc+l)(n-2)+2- (31) 

z=o 
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Using (J2HJ), we obtain that M k+1 (t) = J s(h) where 



fc-i / 1-1 



n 



8(h) 
I 



k+1 



1=0 \j=0 



j=0 



+ Y tfk-l-1 7(fc+l)(n+l)-j 



j=0 
k-1 



+ d jk ip j xd(p + ^ a (k+l)(n-2)+k-j+1^0 + Ys ( P j l{k+l){n-2)+k-j-lV2 



3=0 



k-l 



j=0 

CY : -> i \^ j«(fc+l)(n+l)-3i-4 ,-7(A;+l)(n+l)-3j-6 

^k+i + 2^ — jpzjzi — + 2^ ,n 

3=0 

k„, „ i ,Js 



3=0 



k-l 

-°o + Y v 

j=0 3=0 
k 

+V 9 «(fc+l)(n-2)+l Cr + ¥ 7(fc+l)(n-2)-lO"2 



jyfc-j-i 



^2 



and 



fc-2 



2fc-2i-4 



(#) 



ip L xdip + a k _\ip k 1 xdip. 



1=0 



JJk-l-2 



We now apply Lemma 121 (with m = 3) to Thus, 



fc-2 



n ** «2fc-2Z-4 j k-l j 

n k+i = 2^ H k-i-i v ^ 3 + ak ~ 1 ^ xdL P 



fc-2 



1=0 
l+l 



E02fc-2/-4 



JJk-l- 
1=0 j=0 



'•P 



d jpZj G 3i-3j+4 + Hl _ j+1 g 3 i-3j+4dH 



fc-2 



+ Y S ffk-i-i Y -^Tji^i-^+^o + l3i-3jcr 2 ) + a k -!<p k l xdip 



1=0 3=0 
fc-2 l+l 



EE 

1=0 3=0 



if 1 if 3 

d H k-j-i G2k - 3 i+ l + JpZ]92k-3j+ldH 



fc-2 I 



+ YY Uk-3-1 ( a 2k-3j+l-2<?0 + 72fc-3j+«-40- 2 ) + Ctfc-l^ ^xdff 



1=0 j=0 



H k -i 



k-l 

E 

j=0 



H k ~3 



fc-2 



+ £ ffk-j-1 (° ; 3fc-3i-4O r + 73fc-3i-60"2) + Ctfc-lV 3 ^V 2 - 



j=0 
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We have proved that 
fc-i 



3=0 

fc-1 fc-1 



j Q(fc+l)(n+l)-3j-4 ? - 7(fc+l)(n+l)-3j-6 (32) 



. (fe+1) (n+1 -3j-4 . o 

+ 2^ ^ ^7^1 a ° + 2^ v — #fc=Fi a2 

i o i o 

+(p k a( k +l)(n-2)+lO r + 7(/ c +l)(„_ 2 )-10'2 + a k _ 1 (p k ~ l xdlf. 



We finish this step of the proof of Proposition El by noticing that if M k+ i(t) = 
hit) ^fc+i = 0' then the constant a k -± and the coefficients of all the polynomials 
atj, 7j in (|H2|) are zero. The proof of this claim is the same as the proof of Proposition 
El below and for this reason we omit it here. Therefore, equation (|32|) reduces to 
fife+i = dQ* k+1 + q* k+1 dH. 

Next, applying to (|3*T|) the more precise identities (|2T|). (|28|) along with (|2*U)l. we 
see that fife+i = dQ k +x + q k +\dH + f2£ +1 and moreover, the coefficient at dH is 

<?fc+l - 2^ I ^FZ75'(fc+l)(™+l)-i-2i-2 + fe _ z _ 1 P(fc + i)(„+i)_3Z-5 

i=o \i=o 

fe-2 A 

EV 9 fc-i 
-^fi'(fc+l)(n-2)+fe-j+5 + V 9{k+l)(n-2)+2 

3=0 

fc-2 

EV 9 fc-1 fc 

7^0(k+l)(n-2)+k-j+3 + <P #(fc+l)(n-2)+2 + V 9(k+l)(n-2)+l 

j=0 
fc-1 a 

Ef fe k+1 

Jr9{k+l)(n-2)+k-j+3 + V 5 fi'(fc+l)(n-2)+l + V #(fc+l)(n-2)- 

j=0 

An easy calculation yields that the above expression can be rewritten in the form 

Ef j fe+i 
Jp—9(k+l)(n+l)-3j-2 + V 9 #(fc+l)(n-2)- 

3=0 

Finally, it remains to use the fact we already established above that q k+ i (the coeffi- 
cient at dH in f^ +1 ) is a function of the same kind as the former q^+i- C 

Proposition 6 Assume that Mi(t) = . . . = M k {t) = 0. Then Q k +i = <Zfc^i = <?fc<^n 
takes the form 

fifc+i = a 2n -2{H)a + ^2n-i{H)a 2 + 777(502 - cr ) + dQ k+l + q k+1 dH if k = 1, 

4X3 



n a( fc+1 )( n+ i)_ 4 (iY) 7( fe+ i)( n+ i)_ 6 (iT) 

"fc+i = 7^71 o'oH 77777 o 2 + dQ k+1 + q k+1 dH if k > 1. 
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Proof. We use formula (|32p from the proof of Proposition E] and the fact that the 
function ip is determined up to an additive constant, say c. Recall that M k+ i(t) = 
J s ^Q* k+1 where Q* k+1 is given by (|32|). As above, one can use Lemma 121 to express 
the last term in (j%Z)) 

as 

°±±{y«-\a 2 a Q + 70 a 2 ) + Lo.t] + dQ + 

where we denoted by Lo.t. the terms containing y?- 7 with j < k — 1. The values of c*2 
and 70 can be calculated from the last equation in which yields 

au-xip^xdip = ^{[¥> fc-1 (5<7 2 - a ) + Lo.t] + dQ + qdH}. (33) 

Let us now put tp + c instead of 90 in the formula of M fe+1 (t). Then M fc+1 (t) becomes 
a polynomial in c of degree with coefficients depending on t. Since M^+i does not 
depend on this arbitrary constant c, all the coefficients at cP, 1 < j < k should vanish. 
By (|3~2j) . the coefficient at c fe equals 

a(fc+l)(n-2)+l(*)^o(*) + T(fc+l)(n-2)-l 

which is zero as M k+ i(t) does not depend on c. This is equivalent to a(k+i)(n-2)+i{t) = 
7(jfc+i)(n-2)-i(0 = 0. When fc = 1, this together with (J3~2*|) and (|3*3*jl implies the formula 
for Q 2 . Assume now that k > 1. When the leading coefficient at c k vanishes, the next 
coefficient, at c fc_1 , becomes 



a(fc+l)(n-2)+2W - -^~| Io(t) + 7(fc+l)(n-2)(*) + 5^y- J a (t) 



4t J 



and both coefficients at J and J 2 are identically zero which yields a(fc+i)(n-2)+2 = 
7(fe+i)(n- 2 ) = and a k -i = 0. Similarly, all coefficients in (j22I) a(fc+i)(n+i)-3j-4, 
7(fc+i)(n+i)-3j-6) j > 0, become zero which proves Proposition El □ 

In the calculations above we took the eight-loop Hamiltonian H = \y 2 + \{x 2 — l) 2 
and considered the outer period annulus of the Hamiltonian vector field dH = 0, 
defined for levels H = t with t 6 E = (|, 00). Evidently a very minor modification 
(sign changes in front of some terms in the formulas like (J24)) ) is needed to handle 
the double-heteroclinic Hamiltonian H = ^y 2 — ^(x 2 — l) 2 and the global-center 
Hamiltonian H = |y 2 + \{x 2 + l) 2 . The functions <p, G and the interval E could then 
be taken respectively as follows: 

1 1 - x 2 - V2y (x 2 - l)y , 

<P — — ^l°g f^-> ^ — ; 5 E = (— 7,0), 

^ 2^ l-x 2 + v / 2y 4 v 4 ' ; ' 

i x 2 + 1 + ty/2y (x 2 + l)y ! 

^ = 27l log , 2 + i-V2y G = ^^' E = ( " oo) ' 

Below, we state Theorem El in a form to hold for all the three cases. Recall that 
Ik{t) = J S u\ °k = f s r t \ x k ydx, k = 0, 1, 2, where S(t), t G E, is the oval formed by the 
level set {if = £} for any of the three Hamiltonians. 
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Theorem 3 Fort G E ; the first nonvanishing generating function M k (t) = j H=t ^k 
corresponding to degree n polynomial perturbations dH — euo n = 0, has the form 

fork = 1, M x (t) = an~i(t)I (t) +ln=z{t)I 2 {t), 

fork = 2, M 2 (t) = ~ [a n {t)h{t) + 7n _ 1 (*)I 2 (*)] , 

tt fc(n+l) „(t)Jp(t) + 7 fc(n+l) (t)l2(t) , 
2 Z 2 ° 

where ctj(t), 7j -(t) denote polynomials in t of degree [j]. 

Proof. Take a perturbation <iif — eu; n = where £ is a small parameter. Then by 
a generalization of Frangoise's recursive procedure, one obtains M\(t) = J s ^ Q\, and 
when Mi(t) = . . . = M fc _i(t) = 0, then M fc (t) = J 5(t) where fi x = w n , 14 = q k -i^i 
and is determined from the representation f^_i = dQk-i+qk-idH. The algorithm 
is effective provided we are able to express the one-forms Qk in a suitable form which 
was done above. For k = 1, the result follows from (|25|) applied with m = n. For 
k > 1 , the result follows immediately from Proposition |U1 □ 

Clearly, Theorem El allows one to give an upper bound to the number of zeros of M^{t) 
in S and thus to estimate from above the number of limit cycles in the perturbed 
system which tend as e — > to periodic orbits of the original system that correspond 
to Hamiltonian levels in E. For this purpose, one can apply the known sharp results 
on non-oscillation of elliptic integrals (most of them due to Petrov, see also [7j, [21] 
and the references therein) to obtain the needed bounds. Define the vector space 

Mm = {P m (t)h(t) + P m _i(t)/ 2 (t) : P k e R[t], degP fc < k, t e X}. 

Clearly, dim.M m = 2m + 1. We apply to the eight-loop case Theorem 2.3 (c), (d) 
and Lemma 3.1 from [21] and to the double-heteroclinic and the global-center cases, 
Theorem 2 (4), (5) and Lemma 1 (iii) from |7 to obtain the following statement. 

Proposition 7 (i) In the eight-loop case, any nonzero function in M. m has at most 
dim.M m = 2m + 1 zeros in S. 

(ii) In the double-heteroclinic and the global-center cases, any nonzero function in 
Ai m has at most dim Ai m — 1 — 2m zeros in E. 

By Proposition UJ and Theorem [21 we obtain: 

Theorem 4 In the eight-loop case, the upper bound N(n, k) to the number of isolated 
zeros in E of the first nonvanishing generating function Mk(t) corresponding to degree 
n polynomial perturbations dH — eu n = 0, can be taken as follows: N(n, 1) = 2[^^] + 
1, N(n, 2) = 2n + 1 and N(n, k) = 2[^fl±] - 3 for k > 2. 

Theorem 5 In the double-heteroclinic and the global-center cases, the upper bound 
N(n, k) to the number of isolated zeros in E of the first nonvanishing generating 



fork>2, M k {t) 



f k-2 



28 



function M k {t) corresponding to degree n polynomial perturbations dH — euo n = 0, can 
be taken as follows: N(n, 1) = 2p§*], N(n, 2) = In and N(n, k) = 2[^±ii] - 4 for 
k > 2. 

Similarly, one can consider in the eight-loop case any of the internal period annuli 
when the (*) property holds. Take t G £ = (0, i) and consider the corresponding 
oval lying (say) in the half-plane x > 0. Define the vector space 

-Mm = {P[f ]{t)I {t) + Pp^OO/iOO +Pp_2](t)/ 2 (t) : P fe G K[t], degP fc < k, t G E}. 

Clearly dimA'lm = [ 3t "+ 2 ]. By Petrov's result jTHj, any function in M. m has at most 
dim .M m — 1 = [^p] isolated zeros. Applying this statement to we get 

Theorem 6 In the internal eight-loop case, the number of isolated zeros in X of the 
first nonvanishing generating function Mk(t) corresponding to degree n polynomial 
perturbations dH — su) n = is at most N(n, k) = [i^pii] _ 

It is well known that the bounds in Theorems HJ El are sharp for k = 1. That is, 
there are degree n perturbations with the prescribed numbers of zeros of M\(t) in 
the respective S. One cannot expect that this would be the case for all k > 1 and n. 
The reason is that k > 1, is a very specific function belonging to the linear space 
Ai m with the respective index m which in general would not possess the maximal 
number of zeros allowed in M. m . Moreover, as there is a finite number of parameters 
in any n-th degree polynomial perturbation, after a finite steps the perturbation will 
become an integrable one and hence M^it) will be zero for all k > K with a certain 
(unknown) K. The determination of the corresponding K and the exact upper bound 
to the number of isolated zeros that the functions from the set {M&(£) : 1 < k < K} 
can actually have in S, are huge problems. We will not even try to solve them here. 
Instead, below we show that the result in Theorem El can be slightly improved when 
k > 1 and n is odd. 

Theorem 3 + For t G S and n odd, the first nonvanishing generating function 
Mk(t) = j H=t ^k corresponding to degree n polynomial perturbations dH — eu n = 0, 
has the form 

fork = 1, = an=i(t)I (t) +7«=s(t)I 2 (*), 

fork = 2, M 2 (t) = I [« n _i(t)/ (t) + 7n _i(t)/ 2 (t)] , 

a fc(n + l) M)Ig(t) +7 fc(n + l) At)h{t) , 
2 ° 2 - 

where Qtj(t), Jj(t) denote polynomials in t of degree j . 

Proof. Given A(x,y, H), a polynomial of weighted degree m, we denote by A its 
highest-degree part: 

A(x, y,H)= o Jijk x i y i H k . 

i+j+2k=m 



fork>2, M k (t) 



t k ~ 
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The same notation will be used for the respective polynomial one-forms. We begin 
by noticing that 

u n = (a y n + a x xy n - 1 + a 2 x 2 y n - 2 )dx + d{b y n+1 + b x xy n + b 2 x 2 y n ' 1 + b 3 x 3 y n - 2 ) 

because all terms containing x- 7 with j > 4 can be expressed through lower-degree 
terms. If M\(t) = then, by Proposition EJ a n -i = 7«-3 = which implies that 
do = a 2 = 0, see equations (}2*T]) . From the formulas we derived in the proof of 
Proposition |3J one can also obtain that, up to a lower-degree terms, 

xy^dx = 2i - U ~ 1) Hxy n - 3 dx - "^±x 2 y n ~ 3 dH + d^-^, 
n 2n 2n 

which yields 

xy n - l dx = dx 2 P n ^{y, H) - x 2 P n ^ 3 {y, H)dH + l.d.t. 

where Pj denotes a weighted homogeneous polynomial of weighted degree j with 
positive coefficients. Now, 

tt 2 = glu; n = - ai x 2 P n ^d(b y n+1 + b lX y n ) 

and we see that the highest-degree coefficient of the polynomial a n (t) in the formula 
of M 2 {t) should be zero. If, in addition, M 2 {t) = 0, then a\b\ = 0. When ai = 0, 
one obtains qi = =^ Cl^. = 0, k > 2 and the claim follows. If b\ = 0, then Cl 2 
is proportional to x 2 P n - 3 y n dy which implies that all cjk, k > 2, will have the form 
% = x 2 Pk(n-i)-2(y, H) where Pj are as above, and hence, Qk+i = ?tw„ will have no 
impact on the value of Mk+i. □ 

The result in Theorem 3 + allows one to improve Theorems 0] and El but we are 
not going to present here the obvious new statements. 

3.3 The D4 singularity 

Let 

/ = x[y 2 -(x- 3) 2 ] 

and denote by 5(t) the family of ovals defined by {(x,y) G M 2 : f(x,y) — t}, t G 
(—4, 0), see Fig. |H1 We will denote by the same letters the corresponding continuous 
families of free homotopy classes of loops defined on the universal covering space of 
C \ {0, -4}, and fix t ^ 0, -4. 

Proposition 8 We have 

and the kernel of the canonical map H( e( ' to \f~ 1 (to),'Zj) — > Hi(f~ 1 (to),'Z) is equal to 
Z. 
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Figure 6: The level sets of / = x[y 2 — (x — 3) 2 ] and the family of ovals 5(t). 




(i) (ii) 

Figure 8: (i) The generators of the fundamental group 7ri(/ _1 (to), Po) ) (ii) The 
generators of the fundamental group 7Ti(C \ {zq, z±, z 2 , z 3 }, z) . 

Proof. The fibers f~\t) C C 2 for t ^ 0,-4 are genus-one surfaces with three 
removed points. Let lo,l-4 G 7Ti(C \ {0, — 4}, to) be two simple loops making one 
turn around and —4 respectively in a positive direction. The closed loop lo*5(to) 
is shown on Fig. (i). The loops representing Vari 5(to), Varf Q 5(t ), where Vari = 
(l — id)*, are shown on Fig. (ii), (iii) respectively. It follows that Varf 5 (to) may 
be represented by a loop homotopic to a point. Finally, the variation of an arbitrary 
element of H^(f^ 1 (t ) t ,Z) along Z_ 4 is a composition of free homotopy classes of 5 
(several times) which shows that Pf (/ _1 (to)t, Z) is generated by 

6{t ), Var l0 5{t ), Varf 8(t ) . 

The equivalence class Varf 5 (to) is homologous to zero while the other two are homo- 
logically independent. This shows that the image of Hf(f~ 1 (t ) t , Z) in Hi(f~ 1 (t ), Z) 
is Z 2 . It remains to show that the equivalence class of k Varf 5 (to) in Hf (/ _1 (to)t, Z) 
is nonzero for any k G Z. 

The fundamental group 7r 1 (/ _1 (t ), Po) is a f ree group with generators 8, 71, 72, 73 
shown on Fig. |Hl (i). We have 

Var lo 5(t )= 7i7273, Varf 5(t ) = 7i727f 1 7^ 1 - (34) 

Let 

5 = {5, 717273, [71,72]} where [71,72] = 7i727r 1 7 2 ~ 1 } 

and let S be the least normal subgroup of vri(/ _1 (t ), Po) containing S. A general 
method to study Hs = S/[S, 7ri(/ _1 (t ), Po)] consists of constructing its dual space. 
Namely, let Zo, z%, Z2, Z3 be distinct complex numbers and let 8, 71,72,73 be simple 
loops making one turn about z Q , z±, z 2 , Z3 respectively in a positive direction as it is 
shown on Fig. |H1 (ii). Note that 

7Ti(C \ {^o, Zx, Z 2 , Z 3 }, Z) = 7Ti(/ _1 (t ), P ) . 
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u = In I I dz . 



Let 



Z — Z% \ Z — Z2 Z — Z\ 

We claim that u defines a linear function on Hs by the formula 

[to. 



Indeed, whatever the determination of the multivalued function In be, we have J i 

0, and f u; is well defined. The latter holds true because 

' J 717273 

/ p !_U = 

Ai7273 V 2 _ z 2 Z — ZxJ 



and In is single- valued along the loop 717273- Finally, along [71, 72] the differential 
uj is single- valued too and Jj c<j does not depend on the determination of a;. An 
easy exercise shows that Jj , = —4ii 2 . We conclude that the space dual to i^s is 
generated (for instance) by 10, dz/(z — z ), dzjiz — z\) and hence Hs = Z 3 . Obviously 
the kernel of the homomorphism iff e( ' io ' ) (/ _1 (to), — > Hi(f~ 1 (to),Z) is the infinite 
cyclic group generated by the commutator [71,72]- □ 

According to TheoremEland Proposition [Hjthe generating function M(t) might not be 
an Abelian integral, the obstruction being the kernel of the map H^ t °\f~ 1 (t ), Z) — > 
ifi(/ -1 (t ), Z). Indeed, it follows from [TU], j23 that for some quadratic unfoldings 
of {df = 0}, the corresponding generating function M$(t) is not an Abelian integral 
(see the open question 3. at the end of section ESJ)- More explicitly, we have 

Proposition 9 The generating function associated to the unfolding 

df + e(2-x + \x 2 )dy = 0, / = x[y 2 - (x - 3) 2 ] 

and to the family of ovals around the center of the unperturbed system, is not an 
Abelian integral of the form (J3j) . It satisfies an equation of Fuchs type of order three. 

Proof. For a convenience of the reader, below we present the needed calculation. 
Denote u 2 = — (2 — x + \x 2 )dy. One can verify |Hj that 0J2 = dQ\ + qidf, with 

Qi = \{fL{x,y) -x 2 y- 12?/], q x = -\L{x,y), L(x,y)=\n- — , 

o Ob ~\~ y 

and that the form q\U)i — qidf is exact, where 

L 2 x 3 - 3s 2 + 12x - 36 
q2 ~ 72 + 36/ 

(to check this, we make use of the identity fdL = 2xydx + (6x — 2x 2 )dy). Therefore 
Mi(t) = M 2 {t) = for this perturbation, and 

M 3 (t) = [ q 2 u 2 = [ q 2 dQ 1 = -J- / (x 3 - 3x 2 + 12x - 3Q)dL 
Js(t) Js(t) 2ib J S ( t ) 
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1 r . 2 in , ,/L 2 x 3 -3x 2 + l2x-36\ 

W,,, (i+12 Ht + i J 



In the same way as in (TO], Appendix, we then obtain 

M 3 (t) = / [36(x - l) lnx + ±x 4 - fx 3 - fa; 2 + 12x + 24]ydx. 

As h = I and (2k + Q)I k+1 = (12Jfe + 18)I fc -18JfeI fc _i-(2Jfe-3)*I fc _2, the final formula 
becomes 

M 3 (t) = - / y(x - l)lnxdx - ' ' 



For a general quadratic perturbation satisfying Mj.(t) = M 2 (t) = 0, the formula of 
M 3 (t) will take the form [Ej, [0] 

M 3 (t) = c_ x /_i(t) + (cq + ^f)lo + ^h(t), h(t) = [ y(x- 1) lna;cix (35) 
v 1 J 1 Js(t) 

where Cj, c* are some constants depending on the perturbation. Below we write up the 
equation satisfied by M 3 (t) and show that, apart of M\ and M 2 , M 3 is not an Abelian 
integral, due to I*. We can rewrite (J33j) as tM 3 {t) = (a + Pt)Io + jI 2 + 51* (with some 
appropriate constants) and use the Fuchsian system satisfied by I = (/*, I 2 , Io) T [TU] . 
namely 

(t -2 t + Q 
I = AI', where A= |(t — 6) |(t + 9) 

\0 -3 f(t + 6) 

to derive explicitly the third-order Fuchsian equation satisfied by M 3 (t). One obtains 

DP(t 2 M' z )" + (£P - DP')(t 2 M' z )' + Q(t 2 M^) = 0, 
where .D = £(t + 4) and 

p = (8(3 2 - (3-f)t 3 - (56a(3 + a 7 + 96/3 7 + 2 7 2 + 48(35 + 2 7 <5)t 2 
+ (8a 2 - 288a/? + 12a 7 - 432/? 7 + 24a<5 - 192/55 + 28 7 <5 + 16<5 2 )t 
+ (96a<5 + 144 7 <5 + 64<5 2 ), 

Q = |{(40/3 2 - 5/3 7 )t 3 - (Q4a(3 + 2a 7 - 288/3 2 + 14407 + 4 7 2 + 48(35 + 4 1 5)t 2 
+ (4a 2 - I44a(3 + 12a 7 - 432/3 7 + 12a5 - 240/35 - 4 7 5 + 85 2 )t + 325 2 }. 

For the above particular perturbation, the equation of M 3 reads 

t 2 {t + 4)(39t 2 + 704t + 2048) JWf + t(117t 3 + 3128t 2 + 18688t + 32768)M 3 7 

+ |(39t 3 + 1544t 2 + 9728t + 18432)M£ = 0. 

The above equation is obviously of Fuchs type and its monodromy group is studied 
in a standard way. The characteristic exponents associated to the regular singular 
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point t = are —1,0,0. Further analysis (omitted) shows that the monodromy 
transformation of a suitable fundamental set of solutions along a small closed loop 
about t = reads 

'1 1 0' 
1 1 
1 

Indeed, according to formula (19) in ^0] in a neighborhood of t = we have 

1 



I*(t) — I y(x — 1) Inxdx = — 6 tin 2 1 + . . . 

Js(t) 6 

From this we obtain that Va^M^t) ^ 0. On the other hand 

Varl M 3 (8(to),F E ,t) = M 3 (Varj 8(t ),F £ ,t) 

where the loop Varf Q 5(to) = 7i727i~ 1 72~ 1 is homologous to zero, see (JH1J). If M 3 were 
an Abelian integral then its second "variation" M 3 ( Va?f o 5(to), T e , t) would vanish 
identically which is a contradiction. □ 
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